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The use of signals with intra-pulse modulation in radar systems allows us to increase the duration of
sounding pulses, and therefore the radiated energy with limitations on peak power. In the processing system,
compression of the signal provides the necessary time difference, but leads to the appearance of side lobes.
This, in turn, causes the “stretching” of the passive interference zone by range and worsens the potential
for target detection. Therefore, reducing the level of the side lobes of the processed signal is an urgent task
of radar. With regard to the maximum level of side lobes, signals with non-linear frequency modulation
have advantages, but the models used for their mathematical description need to be clarified. The research
carried out by the authors of the article and the obtained results of mathematical modelling explain the
mechanism of frequency and phase jumps in signals with nonlinear frequency modulation, consisting of
several linearly frequency modulated fragments. These results are obtained for the mathematical model of
the current time, when the time of each subsequent fragment is counted from the end of the previous one.
The article discusses mathematical models of two- and three-fragment signals with using different approach.
The difference is that the start time of each successive linearly frequency modulated fragment is shifted to the
origin, that is, the shifted time is used. The advantage of this approach is the absence of frequency jumps at
the joints of fragments, but phase jumps at these moments of time still occur. Thus, there is a need to develop
a mathematical apparatus for compensating of such jumps. An analysis of known publications conducted in
the first section of the article shows that for mathematical models of shifted time, the issue of determining
the magnitude of phase jumps at the joints of fragments and the mechanisms for their compensation were
not considered. From this follows the task of research, which is formulated in the second section of the work.
Mathematical calculations for determining the magnitude of phase jumps that occur in these mathematical
models, as well as the results of checking the improved mathematical apparatus, are given in the third section
of the work. Further research is planned to be directed at the features of using the developed mathematical
models in solving applied problems in radar systems.
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Statement of the research task

Signals with internal pulse frequency (phase)
modulation make it possible to increase the duration of
the probing radio pulse while maintaining time discri-
minating ability. Linearly frequency modulated (LFM)
signals [1–6] are widely used, their significant drawback
is a rather high maximum peak of side lobes level
(MPSLL, SLL) of the autocorrelation function (ACF).

In the presence of a high SLL, an excessive increase
in the signal base (the product of the width of the radio
pulse spectrum by its duration) leads to a “stretching”
of the passive interference zone by range. Such a zone
can expand by 20. . . 30%, which is a significant share
of the maximum detection range [7, 8].

One approach to reducing this effect is to decrease
the MPSLL of signals at the output of processing devi-
ces by using probing signals with non-linear frequency
modulation (NLFM, FM). NLFM are widely used in
the form of a sequential combination of fragments with
linear or nonlinear laws of FM [9–15]. The authors
show the presence of jumps of instantaneous frequency
and phase at the joints of fragments of the NLFM
signal, which consists of two and three LFM fragments,
and proposed a mechanism for their compensation for
the mathematical model (MM) of the current time
[16]. It is proposed to introduce the used approach to
the model of shifted time of two- and three-fragment
NLFM signals [9, 10,12–14].

http://radap.kpi.ua/radiotechnique/article/view/1948
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As a task of the study, we will determine the finding
of the phase jumps at the joints of LFM fragments of
NLFM signals and the development of a mechanism for
their compensation in order to reduce MPSLL.

1 Analysis of studies and publi-

cations

In modern radars, chirp signals are often used to
detect targets and accompany them, since due to the
comb form of the autocorrelation function, they are
weakly sensitive to Doppler frequency shift, which si-
mplifies their [1–6]. The capabilities of LFM signals
are significantly expanded if the frequency modulation
rate in individual signal fragments varies according to
a certain linear or non-linear law, such signals belong
to the class of NLFM signals.

Change of frequency modulation rate during signal
duration allows us to reduce level of side lobes on
frequency-time plane [1–6]. Many publications on the
subject of the work are devoted to the study of various
methods for the development and optimization of LFM
and NLFM signals [1–6,16–26], the presentation of the
material is carried out taking into account the requi-
rements and limitations of specific radar applications.

The works are generally aimed at minimizing
MPSLL and strive to achieve optimal time and
frequency resolution, efficient use of energy of sounding
signals.

The authors [27–35] consider NLFM signals as an
effective means to solve a variety of applications due to
a greater degree of reduction in MPSLL. Research in
this area is focused on the development of synthesis
algorithms and methods for processing received sig-
nals. The papers present MM of various NLFM signals
[1–6, 14, 16, 19, 25, 29, 32–35], and a number of studi-
es consider the specific applications and results of
experiments [4, 10,27,30].

2 Formulation of the study task

The aim of the work is to improve mathematical
models with time shift of NLFM signals, consisting
of two and three LFM fragments, by determining the
magnitude of phase jumps at their joints and develop-
ing a mechanism for compensating of these jumps.

3 Presentation of the study

material

3.1 Improvement of mathematical

model with time shift for two-

fragment NLFM signal

Consider the NLFM signal, which consists of two
LFM fragments [9, 12–14, 16, 20, 22, 26]. Mathematical
model (MM) for the instantaneous phase of such a
signal has the form:

𝜙𝑛(𝑡) = 2𝜋

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑓0𝑡±

𝛽1

2
𝑡2, 0 ≤ 𝑡 ≤ 𝑇1;

(𝑓0+𝛽1𝑇1)(𝑡−𝑇1)±
𝛽2

2

(︀
𝑡2−𝑇1𝑡

)︀
,

𝑇1 ≤ 𝑡 ≤ 𝑇1 + 𝑇2,

(1)

where 𝑓0 – initial frequency of NLFM signal; 𝛽1, 𝛽2 –
frequency modulation rate of the first and second FM
fragments:

𝛽1 =
∆𝑓1
𝑇1

; 𝛽2 =
∆𝑓2
𝑇2

,

where ∆𝑓1, ∆𝑓2 – frequency deviation (differ-
ence between upper and lower frequencies) of the
corresponding FM fragment; 𝑇1, 𝑇2 – duration of the
first and second signal fragments.

The sign «+» or «-» in (1) means that the
instantaneous phase of the NLFM signal increases or
decreases in time, so we have a linear increase or
decrease in the frequency of fragments. Expressions for
instantaneous frequencies of fragments of the NLFM
signal are obtained from (1) by differentiation, one of
the options for plotting the frequency versus time is
shown in Fig. 1 (solid line). This case demonstrates a
decrease in frequency with increasing time.

From analysis (1) and Fig. 1, it can be seen that
the calculation of the parameters of the LFM fragment
of the signal at the moment of time 𝑡 = 𝑇1 begins with
a zero count of time, that is 𝑡 = (𝑡 − 𝑇1) = 0. In fact,
the graph of the change in the instantaneous frequency
of the second fragment (Fig. 1, dashed line) shifts in
time by an amount 𝑇1 (shown by arrows).

From (1), it is obtained that there is no frequency
jump at times 𝑡 = 𝑇1 because the instantaneous value
of the finite frequency of the first fragment is equal
to the initial value of the instantaneous frequency of
the second fragment. This indicates the insensitivity of
this MM to frequency jumps that occur for the MM
NLFM signal in the current time [11, 15, 16], which is
an advantage of such an MM NLFM signal.

Let us consider in detail how the instantaneous
phase (1) changes at the moment of transition from
the first fragment to the second. Consider the case of
reducing the instantaneous phase (frequency) of the
signal.
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Fig. 1. Diagram of frequency variation of NLFM signal consisting of two LFM fragments

Final phase of the first LFM fragment:

𝜙𝐸1 = 2𝜋

(︂
𝑓0𝑇1 − 𝛽1

𝑇 2
1

2

)︂
,

the initial phase of the second fragment:

𝜙02 = 2𝜋

[︂
𝑓0𝑡− 𝛽2

(︂
𝑡2

2
− 𝑇1𝑡

)︂
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]︂
=

= 2𝜋

(︂
𝑓0𝑇1 +

1

2
𝛽2𝑇

2
1

)︂
.

Find the phase jump 𝛿𝜙12 value at the moment of
transition to the second fragment:

𝛿𝜙12 = 𝜙02 − 𝜙𝐸1 = 𝜋𝑇 2
1 (𝛽2 + 𝛽1). (2)

That is, when MM (1) is used, at the moment of
transition from the first LFM fragment to the second, a
phase jump occurs, the magnitude of which is determi-
ned in accordance with (2).

It is proposed to improve the known MM (1) by
introducing a compensating phase component (2) to
compensate for this jump.

The improved MM of the two-fragment NLFM
signal has the following form:

𝜙(𝑡) = 2𝜋

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
𝑓0𝑡−

𝛽1𝑡
2

2
, 0 ≤ 𝑡 ≤ 𝑇1;

(𝑓0−∆𝑓1)(𝑡−𝑇1)−𝛽2

(︂
𝑡2

2
−𝑇1𝑡

)︂
−𝛿𝜙12,

𝑇1 ≤ 𝑡 ≤ 𝑇1 + 𝑇2.
(3)

It should be noted that despite the similarity of the
approach and the identity of the physical content of the
components that are taken into account, the magnitude
of the compensating phase component in model (3)

differs from that in the current time model [16]. The
considered example is illustrative in nature and is not
provided to explain the approach used. Next, consider
the case of a three-fragment NLFM signal, which is
widely used in solving applied problems.

3.2 Improvement of mathematical

model with time shift for three-

fragment NLFM signal

Consider the three-fragment NLFM signal [10, 14,
20,22], the graph of the instantaneous frequency change
of which is shown in Fig. 2 (solid line).

The MM of the instantaneous phase of the three-
fragmented NLFM signal, the instantaneous frequency
of which varies in accordance with Fig. 2, is described
by expression (4) [10,14,20,22]:

𝜙𝑛(𝑡) = 2𝜋

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑓0𝑡−
𝛽1

2
𝑡2, 0 ≤ 𝑡 ≤ 𝑇1;

(𝑓0 −∆𝑓1)(𝑡− 𝑇1)− 𝛽2

(︂
𝑡2

2
− 𝑇1𝑡

)︂
,

𝑇1 ≤ 𝑡 ≤ 𝑇12;

(𝑓0−∆𝑓12) (𝑡−𝑇12)−𝛽3

(︂
𝑡2

2
−𝑇12𝑡

)︂
,

𝑇12 ≤ 𝑡 ≤ 𝑇𝑠,
(4)

where ∆𝑓12 = ∆𝑓1 + ∆𝑓2; 𝑇12 = 𝑇1 + 𝑇2; 𝑇𝑠 =
𝑇1 + 𝑇2 + 𝑇3; 𝛽3 – frequency modulation rate of the
third FM fragment:

𝛽3 =
∆𝑓3
𝑇3

,

∆𝑓3 – frequency deviation of the third chirp fragment;
𝑇3 – duration of the third signal fragment.
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Fig. 2. Graph of frequency change of three-fragment NLFM signal

Using an approach similar to that described in
subsection 3.1, we find a jump in the instantaneous
phase of the NLFM signal at the junction of the second
and third LFM fragments:

𝛿𝜙23 = 𝜙03−𝜙𝐸2 = 𝜋
[︀
𝑇 2
1 (𝛽3+𝛽1)+𝑇 2

2 (𝛽3+𝛽2)
]︀
. (5)

For a three-fragment NLFM signal, taking into
account (2) and (5), we obtain an improved MMwith
compensation for phase jumps at the moments of
transition from the previous to the next LFM
fragments:

𝜙𝑛(𝑡)=2𝜋

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑓0𝑡−
𝛽1

2
𝑡2, 0 ≤ 𝑡 ≤ 𝑇1;

(𝑓0−∆𝑓1)(𝑡−𝑇1)−𝛽2

(︂
𝑡2

2
−𝑇1𝑡

)︂
−𝛿𝜙12,

𝑇1 ≤ 𝑡 ≤ 𝑇12;

(𝑓0−∆𝑓12)(𝑡−𝑇12)−𝛽3

(︂
𝑡2

2
−𝑇12𝑡

)︂
−𝛿𝜙23,

𝑇12 ≤ 𝑡 ≤ 𝑇𝑠.
(6)

Verification of the obtained theoretical results is
carried out by comparative analysis of oscillograms,
spectra and ACF, built using the known and proposed
MM two-fragment (1), (3) and three-fragment (4), (6)
NLFM signals.

3.3 Results of mathematical modelling

Verification of the validity and adequacy of
improved MM was carried out in the MATLAB appli-
cation package.

For a two-fragment NLFM signal, modelling was
carried out using the following parameters: deviations
of the frequency of LFM fragments are ∆𝑓1 = 350 kHz,
∆𝑓2 = 250 kHz, their duration 𝑇1 = 100 µs, 𝑇2 = 30µs,
respectively.

Results of modelling by ratios (1) are shown in
Fig. 3 and by ratios (3) – in Fig. 4. For better visuali-
zation of the results during modelling, it is accepted
𝑓0 = ∆𝑓1 +∆𝑓2.

The oscillogram of the NLFM signal in Fig. 3a
shows a phase jump at 100 µs (detailed on an enlarged
scale), which corresponds to the junction of fragments.
The presence of a phase jump is manifested in the
signal spectrum of Fig. 3b in the form of a dip at a
frequency of 250 kHz, pulsation distortions of slopes, a
bevelled top of the spectrum.

Due to the modification of the spectrum shape
(Fig. 3b), in comparison with the classic LFM signal,
the MPLSS level decreased to -14.41 dB (Fig. 3c),
while the width of the GP at the zero level is 6.34 µs.
The level of the side lobes of the ACF has symmetric
differences of the “step” type relative to zero, the length
of which is determined by the duration of the first LFM
fragment.

The oscillogram of the NLFM signal according to
the improved model (3) is shown in Fig. 4a. Unli-
ke model (1), the instantaneous phase of the signal
changes smoothly, the phase jump is compensated (the
joint of the fragments at 100 µs is detailed). The signal
spectrum is shown in Fig. 4b, there are no additional
distortions, which is consistent with the theory.
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(a)

(b)

   
(c)

Fig. 3. Oscillogram with detail at the junction of the
fragments (a), spectrum (b), ACF (c) according to

model (1)

The corresponding ACF is shown in Fig. 4c, it has
an MPLSS of -15.81 dB and a main lobe (ML) width
at a zero level of 6.44 µs, the level and frequency of
side pulsations changes smoothly, which is also a sign
of the absence of distortion of the instantaneous phase
of the NLFM signal.

(a)

(b)

(c)

Fig. 4. Oscillogram with detail at the junction of the
fragments (a), spectrum (b), ACF (c) according to

model (3)

The simulation results for the three-fragment
NLFM signal of (4) and (6) are shown in Fig. 5 and
Fig. 6, respectively.

The parameters of the simulated signals are as
follows: deviations of LFM fragments ∆𝑓1 = ∆𝑓3 =
125 kHz, ∆𝑓2 = 300 kHz, duration 𝑇1 = 𝑇3 = 20 µs,
𝑇2 = 100 µs, set that 𝑓0 = ∆𝑓1 +∆𝑓2 +∆𝑓3.
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(a)

(b)

(c)

Fig. 5. Oscillogram with detail at the joints of the
fragments (a), spectrum (b), ACF (c) according to

model (4)

On the oscillogram of the NLFM signal, Fig. 5a,
there are phase jumps at the joints of the LFM
fragments (timestamps of 20 µs and 120 µs), which are
shown on an enlarged scale for better clarity. These
phase jumps cause distortion of the NLFM spectrum
of the signal shown in Fig. 5b, that is, there are dips at
the frequencies of transitions to the next fragment, the
top of the spectrum is bevelled, there are pulsations on
the side slopes.

(a)

(b)

(c)

Fig. 6. Oscillogram with detail at the joints of the
fragments (a), spectrum (b), ACF (c) according to

model (6)

ACF signal, Fig. 5c, has MRBP -19.05 dB and
ML width at a zero level of 4.92 µs, ACF rays are
distorted. In NLFM signal according to the improved
model (6), phase jumps at the joints of NLFM signal
fragments are compensated, as evidenced by the osci-
llogram of Fig. 6a. Accordingly, the appearance of the
signal spectrum of Fig. 6b changed for the better –
it became symmetrical, without dips and pulsations
on the slopes, the apex is flat. ACF, Fig. 6c, also
demonstrates positive changes: MPSLL decreased to
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-22.17 dB, ACF ML width is 4.85 µs at zero level, the
level of side lobes decreases and the frequency of their
pulsations changes evenly. The decay rate of the ACF
side lobes is 19.2 dB/deck.

Table 1 shows the results of comparison of LFM
ACF and NLFM signal parameters with a total durati-
on of 140 µs and frequency deviation of 550 kHz.

Analysis of the data in Table 1 indicates a 65%
decrease in MPSLL with a 31% expansion of the ACF
ML for the three-fragment NLFM signal. It should be
noted that the rate of decline in the level of the side
lobes increased by 7%.

Conclusions

Thus, the paper proposes improved MM with ti-
me shift for two- and three-fragment NLFM signals.
The introduction of compensating phase components
provides for a smooth change in the instantaneous
phase of signals during the transition from the
current FM fragment to the next. For the first time,

analytical expressions were obtained to calculate such
components.

In comparison with the well-known models of
NLFM signals, the use of improved MM provides for
the case of a two-fragment NLFM signal a decrease
in MPLSS by 1.4 dB with an almost equivalent width
of ACF ML, and for a three-fragment NLFM signal
a decrease in MPLSS is 3.12 dB with a slight (1.4%)
narrowing of ACF ML.

The results of comparing the ACF of the three-
fragment NLFM signal, which is more widely used in
solving applied problems, and the classical LFM signal
indicate that there is a decrease in MPSLL by 65% with
the expansion of the ACF ML by 31%, while the rate
of decline of the level of the ACF side lobes increases
by 7%.

The introduction of advanced MM will contribute
to the wider use of NLFM signals in various scienti-
fic and technical fields. Further research is planned
to be directed at the features of using the developed
mathematical models in solving applied problems in
radar systems.

Table 1 Relative change of ACF signals parameters

Parameter name LFM NLFM Percentage change, %

Width ML ACF, µs 3,69 4,85 31

MPSLL, dB -13,42 -22,17 65

decline of ML speed, dB/deck 17,9 19,2 7
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Удосконалення математичних моделей
зi зсувом часу дво- та трифрагмент-
ного сигналiв з нелiнiйною частотною
модуляцiєю

Костиря О. О., Гризо А. А., Додух О. М.,

Нарєжнiй О. П.

Використання у радiолокацiйних системах сигналiв
iз внутрiшньо-iмпульсною модуляцiєю дозволяє збiль-
шити тривалiсть зондувальних iмпульсiв, а значить i
випромiнювану енергiю при обмеженнях на пiкову по-
тужнiсть. Стиснення сигналу в системi обробки забез-
печує необхiдне розрiзнення за часом, але призводить
до появи бiчних пелюсток. Це в свою чергу обумовлює
«розтягування» зони пасивних перешкод за дальнiстю
та погiршує потенцiйнi можливостi з виявлення цiлей.
Тому зниження рiвня бiчних пелюсток обробленого си-
гналу є актуальним завданням радiолокацiї. Стосовно
максимального рiвня бiчних пелюсток переваги мають
сигнали з нелiнiйною частотною модуляцiєю, але моде-
лi, що використовуються для їх математичного опису,
потребують уточнення. Проведенi авторами статтi до-
слiдження та отриманi результати математичного мо-
делювання пояснюють механiзм виникнення стрибкiв
частоти та фази в сигналах з нелiнiйною частотною
модуляцiєю, що складаються з кiлькох лiнiйно-частотно
модульованих фрагментiв. Зазначенi результати отри-
мано для математичної моделi поточного часу, тобто,
коли час кожного наступного фрагменту вiдраховує-
ться вiд кiнця попереднього. У статтi розглядаються
математичнi моделi дво- та трифрагментних сигналiв,
якi використовують iншiй пiдхiд. Вiдмiннiсть полягає, у
тому, що початковий час кожного наступного лiнiйно-
частотно модульованого фрагменту зсувається на по-
чаток вiдлiку, тобто використовується зсунутий час.
Перевагою цього пiдходу є вiдсутнiсть стрибкiв частоти
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на стиках фрагментiв, але стрибки фази в цi момен-
ти часу все рiвно спостерiгаються. Таким чином iснує
потреба у розробцi математичного апарату компенсацiї
таких стрибкiв. Аналiз вiдомих публiкацiй, проведений
у першому роздiлi статтi, показує, що для математичних
моделей зсунутого часу питання визначення величини
стрибкiв фази на стиках фрагментiв та механiзми їх
компенсацiї не розглядалися. З цього витiкає завдан-
ня дослiдження, яке сформульовано у другому роздiлi
роботи. Математичнi викладки щодо визначення вели-
чини фазових стрибкiв, якi виникають в зазначених

математичних моделях, а також результати перевiр-
ки удосконаленого математичного апарату наведено у
третьому роздiлi роботи. Подальшi дослiдження планує-
ться спрямувати на особливостi використання розробле-
них математичних моделей при вирiшеннi прикладних
завдань у радiолокацiйних системах.

Ключовi слова: сигнали з нелiнiйною частотною мо-
дуляцiєю; математична модель; стрибок миттєвої фази;
автокореляцiйна функцiя; максимальний рiвень бiчних
пелюсток
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